
496 J. AIRCRAFT VOL. 18, NO. 6

I I I
WIND-TUNNEL, PROP. OFF
WIND-TUNNEL, TC' = 0.0915
WIND-TUNNEL, TC' = 0.1970
CALCULATED

Fig. 2 Comparison of predicted drag with wind-tunnel data for
different power conditions.
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Fig. 3 Pitching moment of
airplane; propel lers
removed and stabilizer not
deflected.
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from the experimental value. This is caused by the omission of
the nacelle effect on Cmo.

The effects of power from propeller operation on lift,
pitching moment, and drag were considered by the method
presented in Ref. 4. In Fig. 2, the influence of power on drag
is demonstrated. The effect of power on aerodynamic
characteristics is well predicted by the method of Ref. 4.
However, in the case of the ATLIT, opening of the engine
inlets and engine cowl flaps has a considerable effect on
airplane lift, pitching moment, and, especially, drag. The
method used to predict power effects does not include engine
cooling system effects. Changes in lift, pitching moment, and
drag due to cooling system were derived from wind-tunnel
data.

Conclusions
In Ref. 3, an analytical method is presented for predicting

longitudinal aerodynamic characteristics of light, twin-
engine, propeller driven airplanes. The method is applied to
the ATLIT airplane and the calculated characteristics are
compared with full-scale wind-tunnel data. The calculated
lift-curve shows only fair agreement with the wind-tunnel
results. Pitching moment and drag coefficient, however, are
well predicted, as is the effect of power on the aerodynamic
characteristics. No attempt was made to calculate the effects
of engine cooling system, yet it does have a considerable effect
on Cm and CD.
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Nomenclature
b = wing span
c = wing chord
c = mean wing chord
c/ = local lift coefficient
CD = induced drag coefficient
CL = lift coefficient
D = induced drag
/ = scale factor, see Eq. (1)
L =lift
M = freestream Mach number
MB — wing bending moment
s = wing semispan
S, Sw = wing area
t = wing thickness
w = weight function, see Eq. (2)
W^ = wing weight
y = spanwise distance from wing centerline
ALE = leading-edge sweep
17 = 2y/b, nondimensional spanwise distance
77 = auxiliary spanwise coordinate, see Eq. (5)

Subscripts
1,2,3 = quantities pertaining to wings 1, 2, or 3
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Introduction

EVER since the publication of Munk's dissertation on the
optimum distribution of the lifting forces acting on one

or more surfaces1 it has been common practice to regard
elliptical lift as the distribution form producing the least
vortex drag on a monoplane wing. This result, however, is
correct only if the span of the wing is kept constant. It is
obvious that a different lift distribution and wing span will
produce minimum vortex drag if the restriction on span is
removed and a requirement with respect to wing weight is
introduced instead. This Note describes a method of obtaining
the optimum spanwise lift distribution for wings with a given
weight. Additionally, the lift distributions of the aft-swept
and the forward-swept plane trapezoidal wings are compared
with this distribution form.

Analysis
Two wings of equal areas (S1=S2), equal sweep angles,

and equal relative thickness distributions U; /C;(??/ )
= ( 2 / c 2 ( r i 2 ) ] producing equal lifts (L 7=L 2) and having in
general different spans (b1^b2)> different chord
distributions [c, (r?,) ^c2 ( r / 2) ], different lift distributions
[bj(dLj / d y } ) ^ b2 (dL2/dy2) ], and different vortex drags
(D}7±D2) are given. In order to be able to compare the
relative merits of the two wings, one of them must be trans-
formed geometrically such that a common basis for per-
formance comparison is obtained.

By increasing the span of wing 2 by a factor/and reducing
the chords by the same factor, wing 3 is obtained. For this
wing the following relations hold:

(la)

(Ib)

(Ic)

(Id)

(le)

Of)

S3 = S2 = Sj

LS = L2 =Ll

dL3/dy3 = (dL2/dy2)/f

D3=D2/f2

The factor / follows from the requirement that the weights of
wings 3 and 1 shall be the same. Considering that for simple
beams the weight of the material needed to support the
bending moments is proportional to

TMo
w= I ——Jo t dy (2)

one can assume the weights of wings 3 and 1 to be ap-
proximately equal if S3 = S7 and w5 = w;. Since wing bending
moment is proportional to L b, Eq. (2) shows that

(In)

(3)

(4)

The condition w3 = w, then leads to

f=(W,/W2)"3

Inserting Eq. (3) in Eq. (lg) one obtains

D3=D2(w2/w,)»3

When determining the spanwise lift distribution for
minimum vortex drag at constant lift and constant wing
weight using nondimensional data, it is not CD/C2

L but the
expression

C D [ { >
ci LI

i/s
CLC/S

t. . , - . V
<'-">d*H

that has to be minimized. Note that, in contrast to Ref. 4, the
above analysis covers the important case of a nonconstant
wing thickness / ( 17 ) .

Results
Using a simple parameter variation method, the spanwise

distribution of lift that reduces Eq. (5) to a minimum was
obtained for a linear thickness variation and a tip/root
thickness ratio of 0.2. This is shown in Fig. 1 in comparison to
the elliptical distribution of equal w. As can be seen, the
optimum distribution has a lower loading on the outer wing
and a correspondingly higher loading near the root. Due to
the larger span, the wing with the nonelliptical distribution
produces 5% less vortex drag than the wing with the elliptical
form.

In Fig. 2 the constant- weight optimum lift distribution is
compared with the lift distributions of two untwisted
trapezoidal wings having an aspect ratio of 3.5, a taper ratio
of 0.2, and leading-edge sweep angles of + 30 and - 30 deg,
respectively. These loadings were calculated for M=0.8 using
the Weissinger2 method. As can be seen, the spanwise loading
of the plane forward-swept wing (FSW) is almost identical
with the optimum distribution form, while that of the aft-
swept wing (ASW) differs considerably. While both wings can

Optimum Lift Distribution

Ww=1 Sw = 1

Fig. 1 Optimum lift distribution of constant-area, constant-weight
wing in comparison to elliptical distribution form (tip/root thickness
ratio = 0.2).

n Lift Distribution

Plane FSW Lift Distribution

D3 is the value with which the vortex drag of wing 1 has to be
compared.

Fig. 2 Spanwise lift distribution of plane FSW (ALE = - 30 deg) and
plane ASW (ALE =30 deg) in comparison with optimum distribution
form (aspect ratio = 3.5, taper ratio = 0.2, M- 0.8).
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be cambered and twisted in such a way that the desired lift
distribution is obtained for a given speed, altitude, and load
factor, the ASW requires a considerably larger amount of
twist than the FSW. Consequently, the ASW will experience
larger drag penalties in off-design conditions. Aeroelastic
tailoring can, of course, alleviate this problem in that the
elastic wash-out occurring on the ASW when lift is increased
can partly compensate the corresponding aerodynamic wash-
in. However, aerodynamic/elastic matching can be obtained
at only one particular equivalent airspeed.

Conclusion
When vortex drag is minimized for a given wing weight a

nonelliptical spanwise lift distribution form is obtained that
shows reduced loading on the outer wing and correspondingly
increased wing loading at the root. This distribution form
produces 5% less vortex drag than the elliptical distribution.
The forward-swept trapezoidal plane wing with a taper ratio
of 0.2 and - 30 deg leading-edge sweep has a lift distribution
very close to the optimum distribution form, while the lift
distribution of the corresponding aft-swept wing differs
considerably from this. The ASW will, therefore, experience a
higher deterioration of the spanwise lift distribution at off-
design conditions. In contrast, an untwisted FSW fitted with
an aeroisoclinic behavior3 will exhibit an almost ideal lift
distribution at all subsonic points of the flight envelope.
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Glauert1 was one of the first who studied the shape of a
towing wire. The case of a very light wire was investigated by
Landweber and Protter.2 The inclusion of wave propagation
in towing came later, e.g., see Narkis.3 Genin, Citron, and
Huffman4 considered dynamic stress caused by a variable
force applied to the towed body.

Theory
Consider a towing vehicle which first travels at a constant

velocity and then accelerates to a higher constant velocity.
The towing wire is characterized by its density p, Young's
modulus E, cross-sectional area A, and length L. The towed
body is characterized by its mass m.

A reference frame moving with the original constant
velocity of the towing vehicle is used. The longitudinal
displacement in the wire is denoted by u(x,t), where x is the
position and t the time. Thus, the velocities appearing in this
Note are velocities in excess of the original vehicle velocity.
Also, the stress is dynamic stress in excess of the original static
stress. The dynamic stress o = Edu/dx is related to the particle
velocity v = du/dt by

(1)

(2)

The particle velocity satisfies the wave equation

82v/dt2=c2d2v/dx2

Dynamic Stress in a Towing Wire
due to Forced Acceleration

where c= (E/p) 1/2 is the elastic wave speed.
Initially, the wire is free from dynamic stress and at rest in

the moving reference frame. Thus, the initial conditions are

o(x,0)=Q, v(x,0)=0, d v ( x , 0 ) / d t = 0, 0<x<L (3)

The dynamic stress at the towed end is related to the velocity
of the towed body through Newton's second law. Also, the
velocity at the towing end is the same as the velocity VT of the
towing vehicle. Thus, the boundary conditions are

mdv(0,t)/dt=Aa(0,t), v(L,t) =vT(t), t>0 (4)

The following dimensionless parameters are convenient to
introduce here:
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Introduction

W IRES used to tow bodies in air or water occasionally
break. The reason is often a combination of static and

dynamic stresses which causes the total stress to reach the
tensile strength somewhere in a wire. The static stress is due to
gravity and aerodynamic or hydrodynamic drag, and reaches
its maximum at the towing end. The dynamic stress can be
caused by accelerations of the towing vehicle. In this Note
dynamic stress due to such accelerations is studied in the case
of rectilinear motion (see Fig. 1).

The diameter of the wire is small compared to the wave-
lengths of the dominant Fourier components of the elastic
waves. Also, internal friction in the wire is neglected. Thus,
the one-dimensional wave equation applies. The towed body
is represented by a rigid mass.
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r = t/T0, V=v/v0,

\=T0/t0, S = <j/a0

= VT/VO

(5)

where T0 = L/c is the transit time for a wave through the wire
and M=pAL is the mass of the wire. t0 is the time during
which the towing vehicle accelerates and v0 is the final vel-
ocity increase. Also, a0=m(v0/t0) IA is defined as reference
stress. IJL ca'n be interpreted as a dimensionless mass of the
towed body and X as a dimensionless length of the wire.

Equations (5) are used to make Eqs. (1-4) dimensionless.
Laplace transformation [£{/(£,r) j =/(£,£)] then gives

(6)

(7)

(8)sV(0,s)=\S(0,s),

The solution of Eqs. (6) and (7), with the boundary conditions
in Eqs. (8), gives the Laplace transform S of the dynamic


